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Abstract

An analysis of turbulent reactive flows in tubular non-catalytic reactors is presented for various reaction orders and rate constants. A CFD model
has been developed to predict the flow pattern in pipe flow using low Reynolds numberk–ε model. Particular emphasis is placed upon analyzing
the phenomena near the wall region. The CFD model has been extended to simulate the axial dispersion phenomena in turbulent regions. Further,
the CFD model has been extended to obtain changes in the radial and axial concentration distributions. For the case of thermally neutral reactions
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nd the isothermal conditions, it was observed that the lower order reactions cause a more rapid decrease in the axial concentrations.
eynolds and Schmidt numbers on the conversion levels is also discussed.
2006 Elsevier B.V. All rights reserved.
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. Introduction

Profitable chemical reactions often require critical reaction
onditions. In case of fast exothermic or endothermic reactions,
arge reaction volumes lead to difficulties in controlling the pro-
ess variables pressure and temperature. Conducting the reaction
n small volumes enables not only a proper control, but prevents
lso severe damages in case of inhomogeneities or instabilities.
hus, it is often advisable to prefer continuous processing to
atch processing. The two basic continuous reactor types are

he continuous stirred-tank reactor and the tubular plug-flow
eactor. Tubular reactors are simple and easy to construct. Fur-
hermore, a narrow residence time distribution can be achieved
y turbulent flow conditions. In case of small tube diameters, the
eometry allows operation at high pressures. The favorable ratio
f surface to volume enhances heat transfer and thus simplifies

he adjustment of a desired axial temperature profile. The design
nd calculation of tubular reactors can cause problems, because
uid mechanics, reaction kinetics and thermodynamics are cou-
led and difficult to describe mathematically especially in case

of reactions with phase transitions. Rates of chemical reac
are best determined in these tubular reactors operated in
lent regimes to avoid falsification of the true kinetics by diffus
effects. Predictions of concentration profiles in turbulent r
tors, where chemical reactions and diffusional effects occ
conjunction, constitute a basic problem of reactor design. U
such flow conditions the general concept of residence time
meaning because of its non-uniform distribution brought a
by the turbulent velocity profiles. In turbulent flows, becaus
the nature of the momentum profiles, most of the changes
in a layer in the immediate vicinity of the wall.

The real success of any such analysis depends to a c
erable extent on how carefully the eddy diffusivity variatio
chosen near the wall. In view of the importance of the accu
description of the velocity profile and eddy viscosity near
wall, an attempt has been made in the present work to em
computational fluid dynamics (CFD). In the recent years
low Reynolds numberk–ε model of turbulence have been wid
used in numerical simulations due to their ability of resolv
the near wall region. The low Reynolds numberk–ε modeling
approach incorporates either a wall-damping effect or a d
∗ Corresponding author. Tel.: +91 22 414 5616; fax: +91 22 414 5614.
E-mail address: jbj@udct.org (J.B. Joshi).

effect of molecular viscosity, or both, on the empirical constants
and functions in the turbulence transport equations. A fairly
complete review of the low Reynolds numberk–ε model of the
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Nomenclature

a radius of the pipe (m)
c instantaneous concentration of the tracer
c̄ time-averaged concentration of the tracer
C mean concentration of the tracer, defined in Eq.

(19)
C0 initial concentration of the tracer
Cε1, Cε2, Cµ constants in turbulence models
d diameter of the pipe (m)
Deff effective diffusion coefficient, defined in Eq.(15)

(m2/s)
Dm molecular diffusivity, defined in Eq.(16) (m2/s)
Dt eddy diffusivity, defined in Eq.(17) (m2/s)
Drr radial component of turbulent dispersion tensor

(m2/s)
Dzz axial component of turbulent dispersion tensor

(m2/s)
E term defined in Eq.(8)
f friction factor
f1, f2, fµ damping functions used in low Reynolds number

k–ε model, terms defined in Eqs.(5)–(7), respec-
tively

k turbulent kinetic energy per unit mass (v̄2
z/2)

(m2/s2)
kn reaction rate constant
K constant is defined in Eq.(14)
L length of the pipe (m)
n reaction order
p mean pressure (N/m2)
r radial distance (m)
RA homogeneous rate of reaction of species A
Re Reynolds number (dU/ν)
RT turbulent Reynolds number (k2/νε)
Sc Schmidt number (ν/Dm)
Sct turbulent Schmidt number (νt/Dt)
t time (s)
u+ dimensionless velocity (̄vz/U)
u* friction velocity (

√
τ0/ρ) (m/s)

U cross-sectional average axial velocity (m/s)
v̄z time-averaged velocity (m/s)
y dimensionless radial distance (r/a)
y+ dimensionless wall distance (yu∗/ν)
z axial distance along the pipe (m)
z* dimensionless axial distance (z/a)

Greek letters
ε turbulent energy dissipation rate per unit mass

(v̄3
z/a) (m2/s3)

µ viscosity (Pa s)
ν molecular kinematic viscosity (µ/ρ) (m/s)
νt turbulent kinematic viscosity, defined in Eq.(4)

(m2/s)
ρ density (kg/m3)
σk Prandtl number for turbulent kinetic energy
σε Prandtl number for turbulent energy dissipation

rate

turbulent shear flows has been given by Patel et al.[1], Hrenya
et al.[2] and Thakre and Joshi[3,4]. Near wall turbulence mod-
els or low Reynolds number models, which attempt to describe
the relative influence of molecular and turbulent viscosities have
been developed for single-phase flows. Thakre and Joshi[3] have
analyzed 12 different low Reynolds numberk–ε models for the
case of a single-phase pipe-flow. For this purpose, they have
used four criteria; accurate prediction of the radial variation of
axial velocity (compared with experimental data of Durst et al.
[5]), the turbulent kinetic energy and the eddy diffusivity and
the overall energy balance, i.e., the volume integral ofε must be
equal to the energy-input rate (the pressure drop multiplied by
volumetric flow rate). Such a stringent criterion was found to be
satisfied by Lai and So[6] model (LSO) as shown by Thakre and
Joshi[7]. Ekambara and Joshi[8] have successfully used low
Reynolds number Lai and So[6] model to predict flow pattern
(mean velocity and eddy diffusivity) and used the flow pattern
for the prediction of axial mixing in turbulent pipe flows. They
have shown excellent agreement between the CFD predictions
and the experimental data over a wide range of Reynolds number
and Schmidt number.

The objective of this study is to present an analysis of tubular
non-catalytic reactors in turbulent flow regimes and to establish
the effect of arbitrary reaction orders and various reaction rate
constants. Since exact analytical solutions of this problem are
impossible to obtain. An attempt has been made in the present
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ork to employ CFD. Effects of various parameters such as
iameter and length, reaction order, reaction constant, Rey
umber, Schmidt number have been investigated. This trea

s directed towards an understanding of the physical stru
f the solution by the development of pertinent concentra
rofiles.

. Previous work

Bosworth[9] investigated changes in the distribution of r
dence times due to molecular diffusion. For Poiseuille flo
e has shown the conditions under which either the axial o
adial diffusion could be neglected in evaluating the reaction
ata. The work was extended by Denbigh[10] for second-orde
eactions. He neglected all the diffusional effects and de
xpressions for the conversion of reactants. One of the
omprehensive analyses of first-order reactions in viscous
as reported by Cleland and Wilhelm[11] in their study o

he hydrolysis of acetic anhydride. They used the finite di
nce numerical technique to examine the effect of the rea
ate constant on point and average concentrations. The r
f Bosworth’s investigation were also confirmed by them. K
gelb and Strandberg[12] used numerical methods similar

hose of Cleland and Wilhelm[11] to investigate the specifi
xample of second-order homogeneous reaction of the rec
ation of atomic oxygen. Lauwerier[13] presented an analytic
olution of the same problem, but the result is so complex
t is difficult to use for any practical applications. Wissler a
chechter[14] extended Lauwerier’s[13] analysis to include th
ase of consecutive irreversible first-order reactions. Vigne
rambouze[15] conducted a detailed study of the saponifi
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tion of ethyl acetate in laminar flow reactors, incorporating the
analysis of both the first- and second-order reactions. Analyti-
cal solutions were shown for the two asymptotic cases of plug
flow and negligible diffusion, with the intermediate conditions
solved by a numerical analysis technique. Hsu[16] solved the
identical problem by a quasi-analytical method using the sepa-
ration of variables technique. His method reduced the numerical
work required in the solution of a partial differential equation
to that for an ordinary differential equation. Edwards and Sale-
tan[17] conducted an excellent study consisting of segregations
effects in pseudo-laminar flow reactors in which they analyzed
the lack of conversion or a “slip” due to various reaction orders
and velocity profiles, as compared with the plug-flow perfor-
mance.

All the above investigations have been reported for laminar
flows. However, for turbulent pipe flows along with reaction,
hardly any information is available in the published literature
possibly because of the complexity of the problem. Further
prediction of the concentration field in the tubular reactors con-
stitutes one of the fundamental problems in the design of reactor.
Theoretical means of predicting the concentration field in such
processes are of value both from theoretical and practical points
of view. Therefore, it was thought desirable to undertake a sys-
tematic investigation.
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All the low Re models adopt a damping functionfµ to account
for the direct effect of molecular viscosity on the shear stress near
the wall (viscous sub-layer and buffer zone). It may be noted
that the wall functions used in connection with the standardk–ε

model (fµ = 1) are usually applied in a regiony+ > 30. Further,
in the low Reynolds numberk–ε model, the functionf2 is intro-
duced primarily to incorporate the low Reynolds effect in the
destruction term ofε. The important criterion for the function
f2 is that, it should force the dissipation term in theε equation
to vanish at the wall. At high Reynolds number flows, remote
from the wall, the functionf1 asymptotes to the value of one in
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. Model formulation

.1. Modeling of turbulence in pipe flow

For steady, isothermal, incompressible, fully developed
ow, the set of governing equations is given as below:

Momentum equation:

0 = 1

r

∂

∂r

(
r(ν + νt)

∂v̄z

∂r

)
− 1

ρ

∂p

∂z
(1)

Transport equation for the turbulent kinetic energy (k):

−1

r

∂

∂r

(
r

(
ν + νt

σk

)
∂k

∂r

)
= νt

(
∂v̄z

∂r

)2

− ε (2)

Transport equation for the turbulent energy dissipation rateε):

−1

r

∂

∂r

(
r

(
ν + νt

σε

)
∂ε

∂r

)

= Cε1f1νtε

k

(
∂v̄z

∂r

)2

− ε2

k
Cε2f2 + E (3)

here

t = Cµfµ

k2

ε
(4)

1 = 1 +
[
1 − 0.6 exp

(
− Re

104

)]
exp

(
−
(

RT

64

)2
)

(5)
ccordance with the high Reynolds number form of the mo
hek–ε model parameters are:Cµ = 0.09,Cε1 = 1.35,Cε2 = 1.8,
k = 1 andσε = 1.3.

Boundary conditions:

At the centre,
∂v̄z

∂r
= 0;

∂k

∂r
= 0;

∂ε

∂r
= 0

At the wall, k = 0; ε = 2ν

(
∂
√

k

∂r

)2

; v̄z = 0.

(9)

.2. Model formulation for the dispersion

Consider the case of a fluid in fully developed turbulent fl
ontaining a potentially reactive species and flowing throu
ube of finite length. An arbitrary-order chemical reaction s
s soon as the fluid enters the test section. In the case o
ow, the radial profile of axial velocity (different intensity
otion at different radial locations) results in axial mixing

esidence time distribution. The radial diffusion (both molec
nd eddy) plays an important role in the radial homogeniza
f solutes, particularly in the near-wall region. The combi
ffect of convection and diffusion can be written by the follow

ransient mass balance equation:

∂c̄

∂t
+ 1

r

∂

∂r
(rc̄ v̄r) + ∂

∂z
(c̄ v̄z) = 1

r

∂

∂r

(
r(Dm + Drr)

∂c̄

∂r

)

+ ∂

∂z

(
(Dm + Dzz)

∂c̄

∂z

)
+ 1

ρ
RA (10)

n one dimensional pipe flow, we can neglect the radial c
onent of mean velocity. Ekambara and Joshi[8] have shown
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that the contribution ofDzz was negligible to the extent of axial
mixing. Therefore, for the applicability ofk–ε model, we can
assume thatDrr = Dzz = Dt. With these simplifications, Eq.(10)
takes the following form:

∂c̄

∂t
+ ∂(c̄ v̄z)

∂z
= 1

r

∂

∂r

(
rDeff

∂c̄

∂r

)
+ ∂

∂z

(
Deff

∂c̄

∂z

)
+ 1

ρ
RA

(11)

whereDeff is the combined effect of molecular and eddy diffu-
sion. It may be emphasized thatv̄z is not a function ofz and it
can be taken out of derivative sign. However,v̄z is a function
of r and the actual radial profile of̄vz has been found using low
Reynolds numberk–ε model which is described in the previ-
ous section. The resulting profile of mean axial velocity (v̄z) has
been substituted in Eq.(11).

For an arbitrary-order homogeneous reaction we have

RA = −knρ
nc̄n (12)

The reaction has been considered to be thermally neutral and
the temperature is assumed to be uniform throughout the reactor.

Substituting Eq.(12) into Eq.(11) will give, after rearrang-
ing,

∂c̄
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energy (k) the turbulent energy dissipation rate (ε) and eddy dif-
fusivity (Dt). In the second step the flow and eddy diffusivity
information obtained from step one was used for solving Eq.
(13) to give concentration profiles. The radial profiles of veloc-
ity and eddy diffusivity were assumed to be independent of axial
location as the flow is fully developed.

The set of equations was solved numerically, which consisted
of the following steps: (i) the generation of grid, (ii) the conver-
sion of governing equations into algebraic equations, (iii) the
selection of discretization scheme, (iv) the formulation of dis-
cretized equations at every grid location and (v) the development
of a suitable iterative scheme for the use in obtaining the final
solution.

The finite control volume technique proposed by Patankar
[19] was used for the solution of differential equations. The
UPWIND scheme was used for discretization. The set of alge-
braic equations obtained after discretization was solved by
TDMA. The grid generation is one of the important aspects
of the numerical simulation. The robustness of any numerical
code depends on the effectiveness and stability of the grid-
generation scheme employed for investigation. Ekambara and
Joshi[8] have investigated the effect of grid size in radial and
axial direction. They have observed no effect of grid size beyond
100× 1000, and therefore, the same number was selected in this
work. Further, they also investigated the effect of time step, and
they observed no effect of time step below 0.2 s. In view of these
o tions
h
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here we defined a homogeneous reactor constant as

= knρ
n−1a

U
(14)

The dispersion of the tracer is expressed by the transient
alance (Eq.(13)). The effective diffusion coefficient,Deff, is
iven by:

eff = Dm + Dt (15)

hereDm is the molecular diffusion coefficient andDt is the
ddy diffusion coefficient.Dm andDt are estimated by

m = ν

Sc
(16)

t = νt

Sct
(17)

hereSc andSct are the molecular and turbulent Schmidt nu
ers, respectively. The latter is assumed to be 0.9[18].

Boundary conditions:
The solution to the diffusion–convection Eq.(13)must satisfy

he following boundary conditions:

c̄(r, z, 0) = C0

∂c̄(0, z, t)

∂r
= ∂c̄(a, z, t)

c̄r
= 0 for all z andt.

(18)

. Method of solution

The mathematical model was solved in two steps. In the
tep, equations of continuity and motion were solved for
ing the profiles of the mean axial velocity, the turbulent kin
s

t

bserved effects of grid size and time step, all the simula
ave been carried out by using the grid size of 100× 1000 and

he time step of 0.2 s. Residence time distribution curves
btained over a wide range of Reynolds numbers. These c
ere used for the estimation of axial dispersion parameter
verage solute concentration is given by:

= 1

πa2

∫ a

0
2πc̄r dr. (19)

. Results and discussion

.1. Comparison of flow and axial mixing predictions with
xperimental data

In order to test the accuracy of predictions as a result of
imulation, an extensive comparison was made with the e
mental data of Durst et al.[5]. This data set can be conside
s the most accurate set among those reported in the pub

iterature to the date. The comparison of the predicted m
xial velocity as a result of simulation (Re = 7442) using mod
ls of universal velocity profile, Flint[20] and the present CF
odel is shown inFig. 1. The universal mean axial velocity pr

le can be observed to have large deviations in the buffe
ulk regions. The CFD model exhibited an excellent comp
on with the experimental data of Durst et al.[5] in the region
.5< y+ < 100.

Unlike the measurements of flow quantities, such as the
elocity and Reynolds stresses, the accurate experimenta
n the concentration profiles are scarce. Further, there are

ew cases where measurements are reported for a wide ra
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Fig. 1. Comparison of mean velocity profiles with experimental data. (�) Exper-
imental data of Durst et al.[5], (1) universal velocity profile, (2) flint[20] and
(3) CFD atRe = 7442.

Schmidt number.Fig. 2depicts the comparison of the predicted
residence time distribution (RTD) curve (Re = 3810,Sc = 1) with
the experimental data of Flint and Eisenklam[21]. It can be seen
that the predicted and experimental concentration profiles are in
excellent agreement. Further, Ekambara and Joshi[8] extended
the model to predict the residence time distributions over a
wide range ofRe (2500–106), Sc (0.27–1.0) and pipe diame-
ter (0.0254–0.0508 m).

5.2. CFD simulation of homogeneous reactions

In view of the success of prediction of velocity profile and
residence time distribution, the model has been extended to see
the effect of arbitrary reaction orders and various reaction rate
constants on the axial and radial concentration profiles. A typi-
cal results are shown inFig. 3in terms of axial profile of average

F expe
i
a

Fig. 3. Effect of reaction orders on the longitudinal average concentration dis-
tribution.

(cross-sectional) concentration. The figure shows that the effect
of increasing reaction order results into a decrease in conver-
sion. Further, as the rate constant increases the effect of reaction
orders on the axial concentration distribution becomes highly
pronounced.

Fig. 4shows the effect of increasing the reaction rate constant
on average and center-line concentrations as a function of the
downstream aspect ratio. Increasing the reaction rate constants
obviously increases the rate of consumption of the reactant.
For K = 0.001, there exists some difference between the aver-
age and the center-line concentrations. The difference becomes
highly noticeable for large values of the aspect ratio, but beyond
a certain aspect ratio, both the concentrations decrease at an
approximately identical rate. Most of the difference is due to
the reactant in the immediate vicinity of the wall region. Here,
because of substantial decrease in velocity and a corresponding
increase in residence time, a greater level of conversion can be
achieved, resulting in a lower average concentration. However, at
very high rate constant values even the concentration in the bulk
of the fluid depletes at a rapid rate, so that after a certain down-

F e and
c

ig. 2. Comparison between the predicted concentration profile and the
mental data. (—) CFD and (�) experimental data of Flint and Eisenklam[21]
t Re = 3810,Sc = 1.
r-
ig. 4. Effect of dimensionless rate constants on the longitudinal averag
enter-line concentration distributions.
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Fig. 5. Effect of Reynolds number on the longitudinal average concentration
distribution.

stream distance subsequent contributions from the wall region
are of relatively negligible proportions. In other words, there
occurs a parallel shift downwards in the concentration profile.

The effect of Reynolds number on the degree of conversion
for representative reaction orders and rate constants is shown in
Fig. 5. It can be seen that, an increase in the Reynolds number
would cause a decrease in the axial gradients resulting in a lower
level of conversion as well as a decrease in the segregational
effects. It is interesting to note that the spread due to increasing
Reynolds number is not affected to any noticeable degree when
the rate constant increases.

Changes in reaction order do cause a substantial change in the
spread due to increasing Reynolds number. As can be seen, the
effect of changing the Reynolds number from 10,000 to 50,000
is far more pronounced and significant in the average concen-
tration for a zero-order reaction than for a first-order reaction.
For a second-order reaction the effect can be seen to be too
small to be considered. It was noticed, but not indicated in the
figure, that the difference between the average and center-line
concentrations was consistently greater forRe = 10,000 than for
Re = 50,000. This can readily be accepted because atRe = 50,000
a much higher level of turbulence and a thinner wall region tend
to average the concentrations more uniformly. Also, radial gra-
dients are considerably less pronounced, further averaging the
concentrations.

Radial concentration profiles for various reaction orders at
t e
f ance
y all. It
i
s
w ns for
z over
t by
t hat at
l ns is
i rve.
A arply
i The

Fig. 6. Radial concentration profiles for various reaction orders and two down-
stream aspect ratios.

Fig. 7. Radial concentration for various dimensionless rate constants and tow
downstream aspect ratios.

rate, however, is still substantial in the wall region, resulting in
a general flattening profile atz* = 10.

Fig. 7 shows the radial concentrations for various rate con-
stants and two aspect ratios as a function of the dimensionless
distance from the wall,y+. As expected, an increase in the rate
constant causes a decrease in the concentration profiles. The rate
of decrease in concentration increases sharply with an increase
in the rate constantK since the decrease is considerably more as
K increases from 0.1 to 1 than from 0.01 to 0.1.

6. Conclusions

1. The low Reynolds numberk–ε model of Lai and So[6] has
been used to predict the liquid velocities and the turbulent
viscosity. The comparison between the predictions and the
experimental profiles of̄vz, k andDt was found to be excel-
lent. The model also establishes good energy balance.

2. A CFD model has been developed to analyze turbulent reac-
tive flows in tubular non-catalytic reactors for arbitrary reac-
tion orders and rate constants.
wo downstream aspect ratios are shown inFig. 6. The distanc
rom the wall considered in terms of the dimensionless dist
+ permits a detailed analysis of the region adjacent to the w
s in this region that most of the changes occur. A study ofFig. 6
hows that substantial changes occur in the region 0< y+ < 20,
here a very sharp decrease in point concentrations begi

* = 1. There is a greater decrease of point concentrations
he entire range ofy+ for the zero-order reaction, followed
he first-order and then the second-order reactions. Note t
ower aspect ratios the shape of the concentration distributio
dentical to the shape of the turbulent momentum profile cu
t higher aspect ratios the rate of reaction decreases sh

n the wall region of the low concentrations existing there.
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3. The zero-order reaction gives the maximum conversion for a
particular downstream aspect ratio. The degree of conversion
decreases, respectively, for first- and second-order reactions.
Changes in radial concentrations show that, at low aspect
ratios, almost all the phenomena occur adjacent to the wall.
It is only when the concentration near the wall gets very
low, causing a rapid decrease in the rate of reaction, that the
concentration in the core decreases more rapidly in relation
to that in the wall region.

4. An increase in Reynolds number generally decreases the
amount of reactant consumed. With an increase in Schmidt
number, however, the amount of reactant consumed shows a
corresponding increase.
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